Abstract. For every Lie groupoid Φ with m-dimensional base M and every fiber product preserving bundle functor F on the category of fibered manifolds with m-dimensional bases and fiber preserving maps with local diffeomorphisms as base maps, we construct a Lie groupoid F Φ over M . Every action of Φ on a fibered manifold Y → M is extended to an action of
Abstract. For every Lie groupoid Φ with m-dimensional base M and every fiber product preserving bundle functor F on the category of fibered manifolds with m-dimensional bases and fiber preserving maps with local diffeomorphisms as base maps, we construct a Lie groupoid F Φ over M . Every action of Φ on a fibered manifold Y → M is extended to an action of F Φ on F Y → M .
Charles Ehresmann introduced the r-th prolongation Φ
r of an arbitrary Lie groupoid Φ and clarified that if Φ acts on a fibered manifold Y , then Φ r acts canonically on the r-th jet prolongation J r Y of Y , [2] . These ideas are of fundamental importance for the general theory of geometric object fields and for the theory of natural bundles and natural operators, [9] . The principal bundle form of the Ehresmann's construction was developed by P. Libermann, [10] , and the author, [9] . The theory of principal prolongations of principal bundles has found important applications even in the gauge theories of mathematical physics, see e.g. [4] .
The main purpose of the present paper is to generalize the Ehresmann's construction to an arbitrary fiber product preserving bundle functor F on the category FM m of fibered manifolds with m-dimensional bases and fiber preserving maps with local diffeomorphisms as base maps. The functor J r of r-th jet prolongation is the best known special case. Our approach is essentially based on a complete characterization of F in terms of Weil algebras, [8] . In Section 1 we recall the basic concepts and the original construction by Ehresmann. Section 2 is devoted to the classical interpretation of the product preserving bundle functors on the category Mf of all manifolds and all smooth maps as the A-velocities functors T A , where A is an arbitrary Weil algebra, [9] . One sees immediately, that the T A -prolongation of Lie groupoid Φ over M is a Lie groupoid T A Φ over T A M and every action of Φ on a fibered manifold p : Y → M is canonically extended into an action of T A Φ on the fibered manifold
In Section 3 we recall the description of a fiber product preserving bundle functor F on FM m in terms of Weil algebras, [8] . This enables us to introduce, in Section 4, the F -prolongation FΦ of every Lie groupoid Φ. This is also a Lie groupoid over the same base. Then we compare this construction with the principal F -prolongation of a principal bundle defined in [1] . In Section 5 we discuss in detail the basic examples, namely the r-th jet prolongation J r , the vertical A-functor V A and the r-th vertical jet prolongation J r,v . Section 6 is devoted to F -prolongations of actions. Finally we remark that our ideas can be applied to smooth categories as well.
All manifolds and maps are assumed to be infinitely differentiable. Unless otherwise specified, we use the terminology and notations from [9] .
1. In the algebraic sense, a groupoid is a category in which all elements are invertible. We write a or b for the right or left unit map (also called source or target), respectively. 
as well as the unit injection e : M → Φ are smooth maps. The product groupoid is of the form
where M is a manifold, G is a Lie group, a = pr 3 , b = pr 1 , e(x) = (x, e G , x), where e G is the unit of G, and
the product g 2 g 1 being in G. A smooth groupoid is called a Lie groupoid, if it is locally isomorphic to the product one, [11] . For every Lie groupoid Φ and every x ∈ M ,
is a principal bundle, whose structure group G x is the isotropy group of Φ over x. Conversely, if P (M, G) is a principal bundle, then the space of all equivalence classes
is a Lie groupoid over M with respect to the composition {w, v}{v, u} = {w, u}. We write vu −1 for the equivalence class determined by (v, u) ∈ P × P . In the product case,
An action of a Lie groupoid Φ on a fibered manifold
Every left group action l : l(g, s) ).
In the principal bundle form, M × S is a fiber bundle associated to M × G.
Ehresmann introduced the r-th prolongation Φ r of a Lie groupoid Φ as follows, [2] . The elements of Φ r are r-jets j r x σ, where σ is a local section
). We write a r , b r := Φ r → M and e r : M → Φ r for the source and target projections and the unit injection of Φ r . For every action λ :
where σ or s is a local section of Φ a or Y , respectively, [2] . The main problem of the present paper is to extend the Ehresmann's construction to an arbitrary fiber product preserving bundle functor F on FM m . We underline that we cannot apply F to κ, for κ is not an FM m -morphism.
2.
But we can use the description of F in terms of Weil algebras deduced in [8] .
The space
is an algebra with respect to the addition and multiplication induced by the addition and multiplication of reals. A Weil algebra A can be defined as a factor algebra of D r k . Algebra A defines a bundle functor T A on Mf in such a way that T D r k = T r k is the classical functor of (k, r)-velocities, [9] , [7] . The elements of T A M are called A-velocities on M and are written as
For every smooth map f :
A fundamental result reads that all product preserving bundle functors on Mf are the Weil functors. Moreover, if A and B are two Weil algebras, then the natural transformations T A → T B are in bijection with the algebra homomorphisms µ : A → B, [9] . We write µ M : T A M → T B M for the value of the natural transformation on M .
One verifies easily that for every Lie groupoid Φ
Lie groupoid with partial composition T A κ and unit injection T A e : 
We say that r is the base order of F .
Even the fiber product preserving bundle functors on FM m can be characterized by means of Weil algebras. The basic examples of such functors are the r-th jet prolongation J r , the vertical Weil functor (7) the r-th vertical jet prolongation (8) their iterations (e.g. the r-th nonholonomic jet prolongation J r ) and subfunctors (e.g. the r-th semiholonomic jet prolongation J r ). According to [8] , every such functor F of the base order r is identified with a triple (A, H, t), where A is a Weil algebra, H : G 
m . Given A, H and t, the functor F = (A, H, t) can be reconstructed as follows. In the product case of M × N → M ,
is the fiber bundle associated to the r-th order frame bundle P r M with standard fiber T A N and the action H N of G r m on T A N determined by the natural transformations
formed by the equivalence classes {u, Z} satisfying
where P r f : 
Definition 1. The F -prolongation of a Lie groupoid Φ is the subset
Hence the elements of FΦ are the equivalence classes, with respect to the action of G r m , (11) {v, Z, u} satisfying
Given another {w, Z, v} ∈ FΦ, we define the composition by
Write a, b : FΦ → M for the projections determined by (10) . Define e : M → FΦ by e(x) = {u, j A e(x), u}, where denotes the constant map of R k into e(x). Then one verifies directly
/ / M , with the partial composition law (12) and the unit injection e is a Lie groupoid over M .
We remark that the Lie algebroid of FΦ was constructed in the principal bundle form in [6] .
We recall
In [1] , the principal F -prolongation W F P of a principal bundle P (M, G) is defined by (14)
This is a principal bundle over M , whose structure group is the semidirect product
2 )(X 1 ) · · · X 2 ), the product · · · being in T A G. Using (13), one verifies easily that
5.
We are going to discuss the basic examples from Section 3. 
